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a b s t r a c t
We derive a posteriori error estimates for subgrid viscosity stabilized finite element
approximations of convection–diffusion equations in the high Péclet number regime. Two
estimators are analyzed: an asymptotically robust one and a fully robust onewith respect to
the Péclet number. Numerical results on test cases with boundary layers or internal layers
show that the asymptotically robust estimator can be used to construct adaptive meshes.
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1. Introduction
The purpose of this work is to derive a posteriori error estimates for finite element approximations of steady
reaction–convection–diffusion problems, with a special emphasis on the high Péclet number regime. It is well-known
that approximating this type of equation by means of a standard Galerkin technique yields a solution that loses its H1
stability when the cell Péclet numbers are large. This phenomenon is characterized by node to node oscillations of the
numerical solution which are often amplified by nonlinearities. Many cures have been proposed in the literature, including
in a conforming setting, streamline diffusion [1,2], subgrid viscosity [3,4], residual free bubbles [5], face penalty [6] and in
a nonconforming or discontinuous setting [7–11]. In this work, we are interested in subgrid viscosity stabilization because
it allows one to work in conforming settings and because it is easily extendable to unsteady problems and avoids the use of
tunable parameters that depend on the cell Péclet numbers (as does face penalty stabilization).
The a posteriori error analysis of streamline-diffusion stabilized approximations to convection–diffusion equations in
the high Péclet number regime is already well-understood owing to the pioneering work of Verfürth [12,13]; see also [14]
for anisotropic meshes and [15] for face penalty stabilization. Two types of estimators can be derived, either asymptotically
robust in the Péclet number [12] or fully robust [13]; see also [16–19] on robust a posteriori error estimators and [20] for
hierarchical a posteriori error estimators. For the asymptotically robust estimator, local error bounds can be established
using constants that involve a cut-off in terms of the Péclet number; for the fully robust estimator, the constants no longer
I This work was partly supported by the Volkswagen Foundation through Grant number I/79315 and by the French-Moroccan Project A.I number
M.A/05/115. Partial support of the Groupement MoMaS (PACEN/CNRS, ANDRA, BRGM, CEA, EDF, IRSN) is also gratefully acknowledged.∗ Corresponding author.
E-mail addresses: achchab@yahoo.fr (B. Achchab), melfatini@yahoo.fr (M. El Fatini), ern@cermics.enpc.fr (A. Ern), souissi@fsr.ac.ma (A. Souissi).
0893-9659/$ – see front matter© 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2008.12.006
B. Achchab et al. / Applied Mathematics Letters 22 (2009) 1418–1424 1419
depend on the Péclet number, but the norm in which the error is estimated is modified and cannot be localized in a
straightforward manner, whereby only global lower error bounds are established.
In the present work we derive a posteriori error estimators for subgrid viscosity stabilized approximations to
convection–diffusion equations. Following the techniques introduced by Verfürth [12,13], we analyze an asymptotically
robust estimator and a fully robust estimator. Themain difference with the streamline diffusionmethod analyzed in [12,13]
is that subgrid viscosity stabilization yields a nonconsistent term that needs to be dealt with appropriately. The proofs below
will pinpoint the treatment of this nonconsistency, while the treatment of the remaining terms will be skipped, since it is
similar to that for the streamline diffusion method. This paper is organized as follows: Section 2 presents the setting under
scrutiny. Section 3 deals with the analysis of the asymptotically robust estimator, while Section 4 deals with that of the fully
robust estimator. Section 5 contains numerical results to illustrate how the asymptotically robust estimator can be used to
construct adapted meshes in problems exhibiting boundary layers or internal layers. Conclusions are reached in Section 6.
2. The setting
Consider the following reaction–convection–diffusion problem with mixed Dirichlet–Neumann boundary conditions
Lu := −ε1u+ β · ∇u+ σu = f inΩ, (1)
u = 0 on ΓD, (2)
∂nu = g on ΓN , (3)
posed on a bounded polygonal or polyhedral domainΩ ⊂ Rn, n = 2 or 3, with boundary ∂Ω partitioned into ∂Ω = ΓD∪ΓN ,
ΓD being of nonzero measure, and data f ∈ L2(Ω) and g ∈ L2(ΓN). We assume that 0 < ε  1, β ∈ [W 1,∞(Ω)]n, σ ∈
L∞(Ω),− 12∇·β+σ ≥ σ0 > 0 onΩ , andΓ− := {x ∈ Γ : β(x) · n(x) < 0} ⊂ ΓD. LettingH1D(Ω) =
{
v ∈ H1(Ω); v|ΓD = 0
}
,
the weak formulation of the above problem is to find u ∈ H1D(Ω) such that
a(u, v) = (f , v)Ω + (g, v)ΓN , ∀v ∈ H1D(Ω), (4)
where
a(u, v) = (ε∇u,∇v)Ω + (β · ∇u+ σu, v)Ω . (5)
Here and below, for any subset R ⊂ Ω , (·, ·)R denotes the usual L2(R)-scalar product and ‖ · ‖R the associated norm. It is
well-known that under the above assumptions, problem (4) is well-posed.
To approximate the unique solution of (4) using subgrid viscosity stabilized conforming finite elements, let Th, h > 0,
denote a shape-regularmesh family ofΩ into n-simplices. Themeshes are assumed to be geometrically conforming, i.e., they
coverΩ exactly and any two elements of the mesh are either disjoint or share a complete k-face with 0 ≤ k ≤ n− 1. Let
X Lh = {vLh ∈ H1D(Ω), vLh|T ∈ P1(T ),∀T ∈ Th} (6)
be the usual finite element space. Itwill play the role of the resolved scales space in the subgrid viscosity setting. Additionally,
we define the subgrid scales space as
Xbh = SpanT∈Th{ψT }, (7)
where for each mesh element T ∈ Th, ψT is the bubble function proportional to the product of barycentric coordinates on
T ; it vanishes on the boundary ∂T of T and takes the value 1 at the center of gravity of T . A generic element of Xbh is denoted
by vbh . Introduce the direct sum Xh := X Lh ⊕ Xbh ; a generic element vh ∈ Xh is decomposed as vh = vLh + vbh with vLh ∈ X Lh and
vbh ∈ Xbh . The discrete problem is to find uh ∈ Xh such that
a(uh, vh)+ bh(ubh, vbh) = (f , vh)Ω + (g, vh)ΓN , ∀vh ∈ Xh, (8)
where
bh(ubh, v
b
h) =
∑
T∈Th
$hT (∇ubh,∇vbh)T , (9)
where$ is a user-dependent parameter that is independent of the mesh size and the problem data. In practice, for linear
model problems, the parameter$ can be generally chosen in the range of unity. Moreover, problem (8) is well-posed; see,
e.g., [3,4,21].
The following results will be used in the sequel. The proofs, which are straightforward, are omitted for brevity.
Lemma 2.1. Any function vh ∈ Xh satisfies for all T ∈ Th,
‖∇vbh‖T ≤ ‖∇vh‖T . (10)
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Lemma 2.2. Let uh be the unique solution of (8). Then, for all T ∈ Th,
‖∇ubh‖T ≤ C‖Luh − f ‖T , (11)
where the constant C only depends on the shape-regularity of the mesh family.
We are primarily concerned with the asymptotics of large Péclet numbers. We can assume, without loss of generality,
that the problem at hand has been rescaled so that β is of order unity. We assume the same for σ and the parameter σ0
since we are not interested in the asymptotics of strong reaction regimes. As a result, we will track the dependency of the
constants in the a posteriori error estimates derived below with respect to the diffusion parameter ε and to the local mesh
size. To alleviate the notation, we write a  b for the inequality a ≤ cb where c is independent of ε and of any mesh size,
but can depend on the shape-regularity of the mesh, the subgrid viscosity parameter$ , and the problem parameters β and
σ . Similarly, a ' bmeans a  b and b  a.
3. Asymptotically robust a posteriori error estimate
The purpose of this section is to establish local lower and global upper bounds for the approximation error measured in
the energy norm
|||v|||2 = ε ‖∇v‖2Ω + ‖v‖2Ω . (12)
The following properties of the bilinear form a in terms of this energy norm will be useful: for all v ∈ H1D(Ω),
|||v|||2  a(v, v), (13)
and for all v,w ∈ H1D(Ω),
a(v,w)  |||v|||(|||w||| + ε− 12 ‖w‖Ω). (14)
Let Eh denote the set of all (n − 1)-faces in Th. This set can be split into Eh = Eh,Ω ∪ Eh,N ∪ Eh,D, where Eh,Ω , Eh,N , and
Eh,D refer to interior faces, Neumann boundary faces, and Dirichlet boundary faces, respectively. For all E ∈ Eh,Ω and for all
φ which is piecewise smooth, [φ]E denotes the jump of φ across E (the sign of this quantity is irrelevant in the sequel). For
all S ∈ Th ∪ Eh, let
αS = min{hSε− 12 , 1}, (15)
where hS denotes the diameter of S.
Denote by fh, gh, βh, and σh the L2-projection of the data f , g , β , and σ onto the space of piecewise constant functions on
Th. Define the elementwise residual estimators as
η2T = α2T‖RT‖2T +
∑
E∈Eh;E⊂∂T
ε−
1
2 αE‖RE‖2E, (16)
where
RT = fh + ε1uh − βh · ∇uh − σhuh, (17)
and
RE =
{−[ε∂nuh]E if E ∈ Eh,Ω ,
gh − ε∂nuh if E ∈ Eh,N ,
0 if E ∈ Eh,D.
(18)
Define also the oscillation term for T ∈ Th by
DT = (f − fh)+ (β − βh) · ∇uh + (σ − σh)uh, (19)
and the Neumann oscillation term for E ∈ Eh,N by
DE = g − gh. (20)
Finally, define the elementwise data oscillation estimator as
Θ2T = α2T‖DT‖2T +
∑
E∈Eh,N ;E⊂∂T
ε−
1
2 αE‖DE‖2E . (21)
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Theorem 3.1. Let u and uh be the unique solutions of (4) and (8), respectively. Then,
|||u− uh|||2 
∑
T∈Th
[η2T +Θ2T ]. (22)
Proof. Owing to (13),
|||u− uh|||  sup
v∈H1D(Ω)\{0}
a(u− uh, v)
|||v|||
≤ sup
v∈H1D(Ω)\{0}
a(u− uh, v − Ihv)
|||v||| + supv∈H1D(Ω)\{0}
a(u− uh, Ihv)
|||v||| ,
where Ih : L2(Ω)→ Xh is the quasi-interpolation operator of Clément introduced by Verfürth in [12]. The first term in the
above right-hand side is treated as usual and yields
a(u− uh, v − Ihv) 
{∑
T∈Th
[η2T +Θ2T ]
} 1
2
|||v|||.
The new contribution is the second term; it results from the nonconsistency of the subgrid viscosity stabilization. Let
wh := Ihv and observe that
a(u− uh, wh) = −
∑
T∈Th
$hT (∇ubh,∇wbh)T ≤
∑
T∈Th
$hT‖∇ubh‖T‖∇wbh‖T .
Using Lemma 2.1 and a standard scaling argument yield for all T ∈ Th,
‖∇wbh‖T ≤ ‖∇wh‖T  αTh−1T |||wh|||T ,
where |||wh|||2T = ε‖∇wh‖2T + ‖wh‖2T . Using the stability of Ih in the energy norm [12] and Lemma 2.2 leads to
a(u− uh, Ihv) 
{∑
T∈Th
α2T ‖f −Luh‖2T
} 1
2
|||v|||

{∑
T∈Th
α2T ‖RT‖2T +
∑
T∈Th
α2T ‖DT‖2T
} 1
2
|||v|||,
whence the conclusion readily follows. 
To conclude this section, we bound locally the residual estimator ηT in terms of the approximation error and the data
oscillation estimator. For T ∈ Th, let
ωT =
⋃
∅6=T∩T ′∈Eh,Ω
T
′
, (23)
and setΘ2ωT =
∑
T ′∈ωT Θ
2
T ′ . The same notation is used for indexing the energy norm. Using the technique of bubble functions
with cut-off depending on the quantity αS defined by (15), the following result can be readily proven. The proof is skipped
since the use of subgrid viscosity stabilization does not introduce any substantial modification with respect to [12].
Theorem 3.2. For all T ∈ Th, there holds
ηT  (1+ ε− 12 αT )|||u− uh|||ωT +ΘωT . (24)
4. Robust a posteriori error estimate
The purpose of this section is to derive a robust a posteriori error estimate in the context of subgrid viscosity stabilized
finite element approximations. To this purpose, we follow the approach proposed by Verfürth [13] and aim at measuring
the approximation error in the new norm
|||v|||∗ = |||v||| + ‖β · ∇v‖−1,ε, (25)
where for all ϕ ∈ H−1(Ω),
‖ϕ‖−1,ε = sup
v∈H1D(Ω)\{0}
〈ϕ, v〉
|||v||| , (26)
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and 〈·, ·〉 denotes the corresponding duality pairing. The following stability and continuity properties of the bilinear form a
are readily verified: For all v ∈ H1D(Ω),
|||v|||∗  sup
w∈H1D(Ω)\{0}
a(v,w)
|||w||| , (27)
and for all v,w ∈ H1D(Ω),
a(v,w) ≤ |||v|||∗|||w|||. (28)
Theorem 4.1. Let u and uh be the unique solutions of (4) and (8), respectively. Then,
|||u− uh|||2∗ 
∑
T∈Th
[η2T +Θ2T ]. (29)
Proof. We define the residual R(uh) ∈ H−1(Ω) of the discrete solution by
〈R(uh), v〉 = a(u− uh, v), ∀v ∈ H1D.
Owing to (27),
|||u− uh|||∗  ‖R(uh)‖−1,ε ≤ sup
v∈H1D(Ω)\{0}
a(u− uh, v − Ihv)
|||v||| + supv∈H1D(Ω)\{0}
a(u− uh, Ihv)
|||v||| .
To conclude, observe that both terms have been estimated in the proof of Theorem 3.1. 
A global lower bound for the approximation error measured in the ||| · |||∗-norm augmented by the data oscillation term
can be proven, as in [13]. The proof is skipped since the nonconsistency of the approximation method poses no difficulties.
Theorem 4.2. The following holds:∑
T∈Th
η2T  |||u− uh|||2∗ +
∑
T∈Th
Θ2T . (30)
5. Numerical results
The purpose of this section is to illustrate by numerical examples that the asymptotically robust a posteriori estimator
derived in Section 3 can be used to construct adaptivemeshes. In the test cases, we takeΩ = [0, 1]2,β = (1, 1)t , σ = 1, and
we impose homogeneous Dirichlet boundary conditions on the whole boundary. The subgrid viscosity parameter is set to
$ = 1. Themeshes are refined using the following criterion: For each T ∈ Th, we compute the estimator ηT of the error in T .
Letting η = maxT∈Th ηT , an element T is subdivided if ηT ≥ τη, where τ = 0.25. The initial mesh is always quasi-uniform.
5.1. A test case with boundary layers
In this first test case, we take the right-hand side f such that the exact solution is
u(x, y) = xy(1− e(x−1)/γ )(1− e(y−1)/γ ), (31)
with boundary layer parameter γ = 0.05. The diffusion parameter is set to ε = 10−6. Fig. 1 presents adaptive meshes. The
refinement occurs at both boundary layers located near the lines {x = 1} and {y = 1} as expected. Fig. 2 presents the error
measured in the energy norm and the asymptotically robust estimator as a function of degrees of freedom in logarithmic
scales. Both the error and the estimator are normalized by the value they take on the initial mesh. The scaling factor between
both quantities is as expected of the order of ε−1/2. We observe that the convergence rate of the error and the estimator is
quite close for the adaptive algorithm.
5.2. A test case with internal layer
In this second test case, we take the right-hand side f such that the exact solution is
u(x, y) = xy(1− x)(1− y)(1+ tanh(γ−1(x2 + y2 − 0.25))), (32)
with interior layer parameter γ = 0.01. The diffusion parameter is set to ε = 10−6. Fig. 3 presents adaptive meshes. The
refinement occurs at the internal layer as expected. Fig. 4 displays the convergence history of the error measured in the
energy norm and of the estimator, using the same setting as in Fig. 2. Similar conclusions to those for the previous test case
can be drawn.
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Fig. 1. Adaptive meshes for the test case with boundary layers.
Fig. 2. Error and estimator convergence.
Fig. 3. Adaptive meshes for the test case with internal layer.
6. Conclusion
In this work, we have analyzed two a posteriori error estimators for subgrid viscosity stabilized finite element
approximations to convection–diffusion equations in the high Péclet number regime. In the spirit of previous work by
Verfürth [12,13], the first estimator is asymptotically robust with respect to the Péclet number, while the second one is fully
robust. Numerical examples on test cases with boundary layers and internal layers have shown that the present estimators
can be used to construct adaptive meshes.
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Fig. 4. Error and estimator convergence.
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